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The effect of non-ideal or imperfect measuring attributes such as the quantum level of precision 
and finite duration on the classical correlation and quantum discord is analysed for a pair of qubits 
immersed in a common reservoir. We show that the quantum discord is enhanced as the precision of 
the measuring instrument is increased, and both the classical correlation and the quantum discord 
undergo noticeable changes during the duration when measurements are performed on a neighboring 
partition. These results are in stark contrast to those obtained using idealized measurement proce- 
dures, and imply the emergence of classicality in quantum systems with increasing imperfections in 
measurement procedures. 
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The role of quantum measurements in quantum entanglement, correlation and decoherence processes present one of 
the most challenging areas in the current context of quantum mechanical investigations in several systems [H-Q • Some 
f progress has been made in the understanding of the links between quantum measurements and the decoherence process 
^Jj , which results in the breakdown of phases in the superpositions of states that exist prior to measurement procedures 
[roj . In the "decoherence scheme," a quantum system which survives while in contact with an environment is guided 
to its pointer states (Tlj . The view that an open quantum system is equivalent to a system which is continuously 
measured by its environment has been pursued by other groups based on a variety of approaches [12l. Il3|. However, 
some questions still exist, for instance the quantum measurement stands distinct from other kinds of interactions in 
that it alone brings about the collapse of the wavefunction of the observed system, and the reasons for this remain 
unclear. A related problem is the detection of the exact point at which a classical world emerges from a group of 
interacting quantum systems, and the various factors which trigger such transitions. Recent works [lil Il5j have 
shown that invasive measurements which have an influence on the dynamics of the monitored system can give rise to 
^Y") , classicality in quantum systems. 

■ Quantum measurements have taken more important roles in recent years due to their role in the definition of 
several measures of quantum correlations, including the quantum discord fl6l - fl8| which has been shown to possess 
more generalized properties than other well established measures such as the Wootters concurrence [l9l |. In order to 
' evaluate the quantum discord, a set of positive-operator- valued measurements (POVM) is performed in a neighboring 
7-H . partition to determine the extent to which the system is changed by such measurements. At zero quantum discord, a 
measurement procedure allows external observers to obtain all information about a bipartite system without disturbing 
. i-h , it. Two quantum systems can be considered as purely classically linked if the measurements performed on one system 
does not affect the adjacent system. To date, the quantum discord appears as a useful entity [2fj| - [24j in differentiating 
processes which are essentially quantum from those that incorporate generically non-classical features. 

The quantum discord does not obey the well known monogamy rule that arises as a consequence of the linearity of 
quantum-mechanical systems. The quantum discord is defined conventionally based on orthogonal projections of ideal 
measurements [l6l - [l8j . It is not clear whether a non-ideal or invasive measurement that interferes with the dynamics 
of the measured system can distort the quantum discord. In this regard, there is a need to study the key attributes of 
the measurement process that can influence the quantum discord, and if necessary whether these imperfections can 
decrease the quantum correlations present in entangled systems. These considerations form the main motivation for 
this this work in which we introduce measurement attributes such as the duration as well as quantum level precision of 
the measurement procedure, and examine the effect of doing this on the resulting dynamics of a qubit pair immersed 
in a common reservoir. In contrast, ideal measurements are assumed to occur instantaneously with no intervention 
on the dynamics of the monitored system. 

In order to keep the numerical analysis tractable, we adopt the Feynman's path integral framework [25L [26j to 
interpret quantum measurements, and in particular, employ a variant of this formalism based on the restricted path 
integral formalism [9l |27|. Within the restricted path framework, the continuous measurement of a quantity with a 
given result is monitored by constraints imposed on the Feynman's path integral, accordingly an anti-Hermitian term 
is added to the Hamiltonian describing the dynamics of the system during the measurement process. The restricted 
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path integral is appealing as it is dependent solely on the information gained from the measurement procedure and 
is independent of the detailed construct of the measuring device. The dependence on parameters associated with a 
secondary system acting as the observer or measuring device is therefore reduced. Moreover, the results obtained is 
applicable to any quantum configuration of subsystems, which makes it convenient to analyse the critical dynamics 
associated with transfer of information between distinct quantum entities. As a consequence, these features give rise 
to simplicity in analytical treatment in situations when only the effect of a measurement needs to be incorporated 
within an open quantum system. 

We recall the two key elements in Feynman's path integral formalism (25l . I2H ] , the first involves the superposition 
principle which yields the transition amplitude, and not the probability, for a given quantum process in the absence 
of measurements. Under this scheme, the probability amplitude of the transition from the initial to the final state 
of the system is obtained via summation of the amplitudes of all possible paths which could also interfere with each 
other. The second element in Feynman's formalism involves the weight attached to the individual paths which are 
involved in the summation, this weight provides a measure of contribution of each constituent path. 

In open quantum systems, the degrees of freedom of the constituent paths undergo decoherence under the action 
of a measurement process, which disrupts the interference between the alternative paths by virtue of the uncertainty 
principle [28j j . Unlike ideal measurements in which a quantity is measured without any disturbance to the system, weak 
measurements induce minimal disturbance of the various possible routes so that the interference between alternative 
paths remains almost intact [29, 30]. It is also likely that frequent measurement could not only hinder the dynamics 
of a system, but may also guide the evolution of the system. Hence, a sequence of measurements along a given path 
could induce the dynamics of the system to follow a selected trajectory [3lL l32l|. 

The Von Neumann projection operator V 0, 0] is an effective tool in formulating ideal measurement procedures 
in Hilbert space W of a quantum system. Within this scheme, the act of measurement decomposes the total Hilbert 
space into partitions of orthogonal quantum Zeno subspaces Q, and the initial density matrix po is then confined 
to H-p with a certain probability. Transitions outside this space is minimized for a large number of measurements 
TV taken at regular time intervals. The survival probability becomes one at very large N as different outcomes are 
eliminated. In this regard, the Feynman path formalism and the notion of quantum Zeno subspaces Q can be seen 
to lead to the same conclusion with regard to measurement and decoherence processes. 

Highly precise measurements stand distinct from the less complex ideal or weak measurements in which observables 
manifests as Hermitian operators which act on the state space to yield the eigenvalue of the eigenstate at which the 
system existed during the period of measurement. In highly precise measurements, the quantum evolution follows 
a complex route due to the influence of non-Hermitian terms, which interfere strongly with the dynamics of the 
measured system, and may even dominate the time evolution of the quantum system. Hence, it is not immediately 
clear what reading will be obtained and at which state the monitored system is actually existing in after a highly 
precise measurement. Moreover, it is implicit that orthogonal measurement projections may themselves be in a state 
of evolution during a measurement process which is of finite duration. To investigate some of these issues, we include 
non-Hermitian terms in in this work, and examine how the quantum discord is affected if monitoring device imparts 
a significant disturbance on the system under study, and itself dominates the time evolution of the quantum system. 
The key feature of this work is therefore, the possibility that projections can be still made on imperfect measurements. 
This procedure which departs from conventional treatments, is not illogical in view of the statistical nature of quantum 
processes. 

This paper is organized as follows. In Section |TT] we describe the restricted path integral approach for energy 
measurements, which incorporates the non-ideal attributes of the measuring device. These non-ideal features of the 
measurement device lead to interference of the dynamics of the quantum system under observation, hence the effect 
of non-ideal measurement in entangled states is also discussed in this section. In Section [III[ the classical correlation 
and quantum discord measures are discussed, and a brief description of the qubit pair system immersed in a common 
reservoir is described. In Section IPVl the effect of the measurement precision and finite time duration on the quantum 
correlation measure is evaluated and numerical results are presented as well. A brief discussion and the conclusion 
are also presented in this Section. 



II. THE RESTRICTED PATH INTEGRAL PATH APPROACH FOR ENERGY MEASUREMENTS 

The restricted path integral is derived [27l l33l . |34| from the Feynman path integral via the introduction of a 
weight functional within the integrand of the various paths involved in the summation process. We recall that the 
Feynman's propagator, K\m {q'i t \ Qi 0) in the phase-space representation at time r is given by [25|, [H[ 

K(q',T;q,0) = [ d[q]d\p]ei ^ [p ^ Soi ^ p)]df (I) 
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where Hq is the Hamiltonian of the closed (unmeasured) quantum system and [p] and [q] are the paths in the 
momentum and configuration spaces respectively. In Mensky's formalism, the output of a quantum system subjected 
to measurement is expressed in terms of constrained paths linked to the measured system via a weight functional 
W [E] @ • The functional may assume a Gaussian form with a damping magnitude that is proportional to the squared 
difference between the observed value along the paths and the actual measurement result. Thus a system subjected 
to measurement evolves via a propagator which modifies Eq. © according to [34], HE} 

K [E] (q / ,T;q,0)= f d[q]d[p}eifo^- R o^P)]dt W[E] (2) 



Eq. ([2]) is dependent on a selected measurement output such as E after a time r, for a measuring instrument that 
incurs an error E r during the measurement. 

Using Eq.©, it can be shown [35l - l38l | that the stimulated transition in a two-level system is affected by the 
sensitivity or error in measurements of its energy levels by an external device. These results show that a highly 
precise measurement will result in a stagnation of transitions in the two-level system, which is partially consistent 
with the quantum zeno effect USES- In a recent work [38j , singularities known as exceptional points I39| are shown to 
appear at the branch point of eigenfunctions at a critical measurement precision E£ is determined by parameters 
of the two-level system and measurement duration r [H| . The significance of the results from Mensky's formalism lies 
in the inclusion of attributes of the measuring device, which determines the dynamics of the quantum system under 
observation. This has obvious implications for the evaluation of the quantum discord in quantum systems, as will be 
shown later in this work. 

The use of the Gaussian measure, u>[£:]=exp /— ^ H ^Ja^ - j enables the effect of the measurement to be incorporated 
via the effective Hamiltonian (3f| HH for a two-level system 

H eff =Ho-i^(H -E) 2 (3) 

where (...) denotes the time-average for the duration r during which measurement was performed. As noted earlier, 
E is the selected measurement output after a time r and E r is the error made during the measurement of the energy, 
E. E r can therefore be considered as a measure of the precision of the monitoring device. A large (small) error 
made during the measurement can be viewed as a weak (highly precise) measurement. The system therefore evolves 
as IV'C*)) = Heff IV'C*)) during measurement. By expanding the state of the system being measured within the 
unperturbed basis states \n) of the unmeasured system with Hamiltonian Hq as \ip(t)) — J2 n Cn{t)\n), the coefficients 
C n (t) can be solved via the Schrodinger equation Eq.©. 



A. Effect of non-ideal measurement in entangled states 



We now consider the application of the restricted path approach to the entangled states in a two-level system 
with energies E\ (E 2 ) at state |0) (|1)) and subjected to a continuous measurement process. The two-level qubit 
Hamiltonian in the ideal unmeasured scenario is written as 

H Q = -h(^a z + V(t)a x ), (4) 

where the Pauli matrices a x = |0) (1| + |1) (0| and a z = |1) (1| — |0) (0|. The external perturbation V(t) incorporates 
the transitions between the two levels and Acj = 2(Ei + E 2 ). The perturbation potential Voo = V\i — and 
Voi = Vio = Vbe lw( - t ~ to ' ) with Vq real. For the two-level system subjected to a measurement process, the first term 
in Eq. ((4]) transforms via the non-Hermitian Hamiltonian in Eq.© due to the constraining effect of the selected 
readout E. In the presence of the external perturbation, the total Hamiltonian in Eq.© also evolves via the effective 
Hamiltonian in Eq.©, but with inclusion of the external perturbative term V(t) as follows 

\ij){t)) = e-^ El - 2lXl)t C\(t) |0) + e-^ E2 ~ 2lX ^C 2 (t) |1) (5) 

where A x = ^^ and A 2 = ■ 

The coefficients C\(t), C2(i) in Eq.© can be obtained as 

'Cx(t) 
C 2 {t) 



cos K,t — iai —ia 2 

— ia 2 cos Kt + iai C 2 (0) 



(6) 
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where a± =cos9 sin nt, a2=sin 9 sin nt, cos#=^, k=\J 'q 2 + V 2 , q=\(oo — AE + 2iSY), AE=(E 2 — Ex), and f2=A2-Ai. 
The terms A2 and Ai as defined in the earlier paragraph are dependent on the measurement precision, E r as well as 
the energy E (E% or E%) to be measured. 

The entangled states of the monitored system therefore incorporate non-Hermitian terms [38l. |40|. l4lj 

|Xs(t)) = e~ Ar * /2 (cosnt - icos^sinKt) |0) 

-ie~ Kt/2 sin0sin«*|l) 
\xJt)) = e~ Xrt/2 (cos Kt + i cos9 sin Kt) |1) 

(7) 

where ■ For measurement procedures which introduce very large errors, E r — > cxd,Ai=A 2 =A,.=cos 0=0, and 

the excitonic qubit oscillates coherently between the two levels with the Rabi frequency 2Vo as is well known in 
undisturbed systems. 

We consider the system in which the initial state at t — is |1) and the final state at time t is either |1) or |0), the 
probabilities P11 (P10) of the system to be in the state |1) (|0)) can be obtained depending on the absolute values of 

Vo and A r = n~S»' [HI, EJ ■ At the resonance frequencies, ui = AE, k—ko and there are two regimes, depending 
on the relation between Vq and A r . The range where Vq > X r applies to the coherent tunneling regime and we obtain 
Pu = e~ Xrt {cos not — ^ smK oi] 2 , P10 = e ~ Xrt ^r sin 2 n t. For Vo < A r , the system undergoes incoherent tunneling 
and Pu = e~ Art [cosh«f — ^jsinhK<] 2 , Piq = e~ Xrt ^$- sinh 2 not. At the singularities known as exceptional points, 

Ko = 0, and both regimes merge and we obtain Pu = (l — %^) 2 e~ Art and P10 = (%^) 2 e~ Xrt |3^|. The exceptional 
point appears at a critical measurement precision E£= J^f v ■ Considering a unit system in which h = Vq = AE=1, 
t = 2%/Vo and a unitless time t — t'/r, we obtain E^ = -^=- Using r to denote the unitless measurement precision 
parameter, we note that at r > — ^= (r < -^=) 5 the quantum system undergoes coherent (incoherent) tunneling. 



III. CLASSICAL CORRELATION AND QUANTUM DISCORD 



Following the formulation of quantum discord in Refs. [lq - ll8l ]. we express the quantum mutual information of a 
composite state p of two subsystems A and B as I(p) = S(pa) + S(pb) — S(p) for a density operator in Ha <8> T~Lb- Pa 
(Pb) is the reduced density matrix associated with A (B) and S(pi) (i=A,B) denotes the well known von Neumann 
entropy of the density operator pi, where S(p) = —tr(plogp). The mutual information can also be written in terms 
of quantum conditional entropy S(p\pa) = S(p) — S(pa) as 

T(p) = S(p B ) - S(p\ PA ) (8) 

A series of one-dimensional orthogonal projectors {n^} induced in Ha leads to different outcomes of the measurement 
vciT-Lb via the post measurement conditional state 

p B \k = —(Tlk<E)lB)p(U k <E>I B ) (9) 
Pk 

where the probability — tr[p(n^ C3>Ib)] and {11^} denote the one-dimensional projector indexed by the outcome 
k. From the cumulative effect of the mutually exclusive measurements on A, we obtain a conditional entropy of the 
subsystem B based on ps\k 

S(p\{U k }) = J2pkS(p B \k) (10) 

k 

which is used to obtain the measurement induced mutual information Z^I-jTij.}) = S(pn) — S(p\\J\ k Y). The classical 
correlation measure based on optimal measurements made on A is obtained as [16l - ll8j 

C a (p) = sup 2(p\{Tl k }) (11) 
{n fc } 

The difference in I(p) and Ca(p) yields the non symmetric quantum discord T>a(p) — 1(p) ~ Ca{p) A discord T>b(p) 
corresponding to measurements made on B can likewise be obtained and need not be the same as T>a{p)- We note that 
measurements made on a neighboring partition is the key to determining the classical correlation measure between 
the subsystems. 
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A. A qubit pair immersed in a common reservoir 



The joint evolution of a pair of two-level qubit subsystems, A, B undergoing decoherence in a common reservoir is 
determined by a completely positive trace preserving map expressed in the operator-sum form [42j 



s(pab) = J^TiiA^iB) PAB V\{B)T]{A), 



(12) 



diag(^ 



where r,-(A) (Ti(B)) is the Kraus operator associated with the decoherence process at A (B). For the phase flip 
channel in which there is loss of quantum information with conservation of energy, the Kraus operators are given in 
the basis {|0) , |1)} for both subsystems, k = A, B as [U 51] T (A) = diag(y/l-p/2, y/l-p/2) <g> 1 B , Ti(A) = 
diag(^/p72,-y/pj2) 
The parameter p = 1 



) 1 B , T (B) = 1 A ® diag(y/l-p/2, y/l-p/2) and T^B) = 1 A 
exp(— 7t), where 7 denotes the phase damping rate. 
To simplify the numerical analysis, we consider the joint state of a pair of two-level qubit subsystems, A, B to be 
prepared in the initial X-type state with maximally mixed marginals (pa(b) — Ia(b)/%j S{PA{t)) — S(ps(t)) = 1) 

3 

with density matrix of the form p(Q) = j[I + CiO % A <g> cr B ]. where / is the identity operator associated with the qubit 

8=1 



pair, Oj and a (j = A, B) are the Pauli operators of each qubit. Cj (0 < |cj| < 1) are real numbers, with the Werner 
states sharing a common |ci| = |ca | = | C3 ] = c and c=l for the Bell basis states. We assume that the usual unit trace 
and positivity conditions of the density operator p are satisfied. For the class of states where |ci| = \c%\ = c, | C3 ] = C3), 
the evolution of the joint system is described by the matrix 



/I 



C3 



< W = 4 



\ 





1-C3 

2ce^ 






2ce^* 4 
l-c 3 

1 + c 3 y 



(13) 



where /i = [—27 — i(Aw^4 — Aug)] t. As noted earlier, which 7 is the phase damping rate. To simplify the analysis, we 
have considered the same damping rate in both qubit subsystems. Acjj, i =A,B denotes the difference in energy levels 
of each qubit subsystem, we consider equivalent energy levels in the qubit pair in this work. The mutual information 
of state p AB in Eq. (|13[) is evaluated using I {pa '■ Pb) = 2 + Yli=i^i 1°S^» where the eigenvalues Xi of p A B arc 
Ai, 2 = i(l + c 3 ), A 3 = i(l - c 3 + 2ce" 2 ^) and A 4 - Ml - c 3 - 2 ce - 2 ^) 



IV. MEASUREMENT PRECISION AND QUANTUM CORRELATIONS 

The classical correlation measure is obtained through all possible local measurements on one of the subsystems, 
say A. For the ideal case of a local measurement that is instantaneous, we utilize a set of orthogonal projectors 
{Hk = \6k) (&k\ |) k = ||, -L}, which are defined in terms of the orthogonal states 

|0||) = cos6»|0) +e' i0 sin(9|l) , (14) 
\9 ± ) = e -^sin0|O) -oos0|l) , 

where < 9 < n/2 and < <j) < 2ir . In a recent work, Galve et. al. [43| showed that orthogonal measurements are 
sufficient to evaluate the quantum discord pertaining to rank 2 states of two qubit systems, but provide tight upper 
bounds for higher rank (3 and 4) states. 

In the case involving imperfect measurements of finite duration, r and precision E r , we consider that measurements 
can still be modeled via projector operations. This implies that the orthogonal measurement projections may them- 
selves be in a state of evolution during the measurement process. Using Eq. (J7J) which highlight the effect of non-ideal 
measurements on a single qubit as basis, we transform the orthogonal states in Eq. (I14[) as 

|0 y ) p = R(0)\O) +e^(0)|l>, (15) 
\0±) P = e-^S(6)\0)-R(8)\l), 

where the terms R{6)= e - Xrt / 2 (cosOt - i±£ sin0) and S{d)^e~^ t l 2 v 7 ^^*) 2 sin0 _ As noted earlier, \ r =j^z and 
AE is the energy difference between the |1) and |0) states of the qubit. In the limit of A r — > 0, Eq. ([75]) reduce 
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to the orthogonal set in Eq. (|T4|) . The dependence of the projected states given in Eq. (TT5l) on the measurement 
attributes, r and A r results in the dependence of the classical correlation on these same attributes, and we examine 
such a relationship next. 

(k) 

The eigenvalues of the reduced density matrix, p B of the neighboring subsystem B in accordance with the two 
projective measurements (p u = pj_ = 1/2) in subsystem A are obtained using Eqs. (|15[) as 



C« = i(i±e), 



e 2 



(16) 



4cge 

e 2 



-2pt 



COS z + 



2ptt . 



c~e ^t e -2 P t 



(pi) a 



where g = jt, £ = \/0 2 + (pt) 2 , the unitless time, t is obtained via division with r = 2tt/Vq and the dimensionless 
precision parameter, p—X r r. Using Eq. (|T6|). we obtain S(p B ) = S(p B ) = — tr(plogp) = R(Q) = — log 2 — 
i±© log 2 [ijj^l . The classical correlation given in Eq. (fTTj) is evaluated using 



C(p) = 1 - min i?(9), 



(17) 



Further evaluation of C(p) is simplified by the elimination of the parameter <f> as a result of the choice, |ci| = |ca| = c 
used earlier for simplicity in analysis. The maximal value of is thus not only dependent on C3, c, 7, but also on the 
precision parameter p and the measurement duration r. It is obvious from Eq. ([T6|) . that the influence of 7, the phase 
damping rate becomes critical only for c > C3. 

The quantum discord, which will also be influenced by the measurement attributes is given by 



•Dip) = 2 + ^A fc log 2 A fe -C(p), 



(18) 



fe=i 




FIG. 1: a) Classical correlation C as function of t ( < t < r) for various values of the measurement precision p. r the 
measurement time duration is set at 1 and g = jt=0.6 where 7 is the phase damping rate. The real numbers ci = C2 = c=0.15 
and C3=0.6. The curves from top to bottom correspond to the unitless measurement precision, p—0, 0.05, 0.2, 0.5. 
b) Quantum discord T> as function of t ( < t < r) for various values of the measurement precision p=0.5, 0.2, 0.05, (top to 
bottom). All other parameters are the same as in (a). 

Figure [T^ shows the changes in the classical correlation C, obtained via numerically evaluation using Eqs. ([TB| and 
(|17|) . for time range < t < r for various values of the measurement precision p. Figure [TJd illustrates changes in 
the quantum discord V which is evaluated using Eqs. {jTSJ) and the eigenvalues Xi of p A B in Eq. (|TH)) . The figures 
shows that both C and T> undergo noticeable changes during the duration when measurements are performed on a 
neighboring partition at non-zero p. Figure[T}D shows that the quantum discord T> is enhanced due to a corresponding 
decrease in C as p is increased. This trend is also reflected in Figure [5£i,b which illustrates the changes in C and T> 
with respect to the dephasing rate g for various values of the measurement precision p. We note in FigureJ2k,b that 
beyond a critical g, the classical correlation C becomes independent of g as also noted in earlier works [2l|,[22[ in which 
p=0. 

In conclusion, we have presented results of the influence of non-ideal attributes such as the measurement precision 
and finite measurement time duration on the classical correlation and quantum discord for a qubit pair immersed 



7 




FIG. 2: a) Classical correlation C as function of the unitless g = jt where 7 is the phase damping rate, for various values of the 
measurement precision p at t=l. The real numbers ci — C2 = c=0.4 and C3—O.2. The curves from top to bottom correspond 
to the unitless measurement precision, p=0, 0.2, 0.7. 

b) Quantum discord T> as function of g at t=l. for various values of the measurement precision p=0.7, 0.2, (top to bottom). 
All other parameters are the same as in (a). 



in a common environment. The results obtained show that the quantum discord is enhanced as the precision of the 
measuring instrument is increased, and both the classical correlation and the quantum discord undergo noticeable 
changes during the duration when measurements are performed on a neighboring partition. This work contributes 
to ideas proposed in recent works [l4l . Il5j which showed the emergence of classicality from the quantum world for 
imprecise measurements. It is likely that in quantum measurements, which interfere with the dynamics of the measured 
system, the classical features from which classicality arise is enhanced. Moreover, the classicality may be linked with 
the breakdown in the number of alternative Feynman's routes from the initial to the final state of the system, however 
these ideas need further scrutiny and investigation. Lastly, the outcome of this study may provide useful guidelines 
in experimental techniques and studies of quantum measurement in optics and nanostructure systems [3 EH] and in 
experimental investigations involving non-classical correlations and emergence of classicality in entangled systems. 
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